Complex numbers in standard form

Recall that the standard form of complex numbers is a + bi, where a,b € R

Exercise 1.1

Find the complex numbers in normal form corresponding to the following expressions:

(1+i>2
a.
1—i

2
(=) (i) g
c. (—i)3253
1—4% 4 —i% 4% — 10
14+i+32434+it 45
Vi
V—2i
A1+iV3+V1-iV3

o

o

=

o

Solution Exercise 1.1
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c. because of the periodic nature of (—i)™ = (—i)"** we can state (—3)" = (—4)?™m°d4,

(—i)3253 mod4 __ —iq

o

1—i? it — %448 — 410 6 _ 4 4
= = — 917
L+i+i2+@+it+43  1+4

. 1 ) 1 1 1 1
s lrivk2n\2 _ lritkr _ . 3 _ .
Vi = (62 ) = e1 = i(cos(zr) + zsm(zw)) = j:<§\/§ + 5\/5@)

i

=

M:\/é\fzx/i@\/ﬂ%\@) — 14

@

V1+iV3+V1—iv3 = vV2ebm 4 vaebmi
1 1. 1 1.
= \/§<§\/§+ 51) + \/§<§\/§— 5’&)
WG
Exercise 1.2

Prove the following properties for z,w € C

Re(z) = Im(iz)

Im(z) = Re(—iz)

z=2Re(z) — z

Nzt w2 = wf? = 2] + [w]?)

ao op



Solution Exercise 1.2
letz=a+bi,w=c+di

a. Re(z) = Im(iz)

(a+bz)= m(—b+ ai)
b Im(s) = Re(~i2)
Im(a + bi) = Re(b— ai)
b=

c. z=2Re(z) —
a—bi=2a—a—0bi
a—bi=a—bi

d. |z 4+ w|? + |z — w|?
(@+c)?+(b+d)?+(a—c)®+ (b—d)?
2(a® + & +0* 4+ d?)

2(|21* + |w]?)
2(a? + b + ¢ + d?)
2(a® + 0> + c* + d?)

Exercise 1.3
Show that card(C) = card(R).

Solution Exercise 1.3
The steps of proofing this are: card ([0, 1]) = card(R) then: card([0, 1]) = card(]0, 1]?) followed by
card([0,1]?) = card(R?) and finally card(R?) = card(C)

Complex numbers in polar form
Recall that the polar form of complex numbers is 7(cos § + i sin ) where r € R, and 6 € [0, 27).

Exercise 2.4
Transform the following complex numbers from standard to polar form:

a. -3+ 31
b. —4v/3 —4i
c. —51

Solution Exercise 2.4

& 3+ 3i = /18ei™
= \/E(COS(§7T> + isin(§7r>)
4 4
b. _4\/5_ 4i = Searctan2(74,f4\/§)

— 5 cos(~2e) + a2



. _1
€ —5i=b5e 2"

5 (cos(~Ln) - dsin( 1)

Exercise 2.5
Transform the following complex numbers from polar to standard form:

2(cosLe s L)
a. 2{cosom+isinom
b. 3(cos(—m) + isin(—mn))

1 o1
C. cos §7T+ZSIII —Tr

2

Solution Exercise 2.5
) 1 1
a 2(c0s§7r+isin§7r) =14+ V3
b. 3(cos(—m) + isin(—m)) = —3
C. 1 tisi I
cos 277 1sin 27r =1

Exercise 2.6

Show that if z; = ry(cosf; +isinf;) and z, = r, (cos 0, sin 02) are complex numbers in polar
form, then:

2129 = 1T17r5(cos(0; + 05) + isin(f;, + 0,))

Solution Exercise 2.6

z; = ry(cos B +isinf;) = r e’

2y = 11(cos 0, + isinfy) = ryef??

2,20 = 1 €00 020 = p rye(01102)0

= ryry(cos(fy + 05) +isin(6; + 05))

Exercise 2.7

Compute the following products by transforming the numbers to polar form:
1 V3 . ,
a.<§—%?)-@3+my(m@+2a

b (1+44)-(—2—26) -4

Solution Exercise 2.7



(— — i£ (=34 30) - (2V8 4 2i) = e 37 - V/18ed™ - des™

2 2
— 12\/56112771'
Do (1 44) - (=2 — 24) - i = V2ekmi . /Bedmi . ehmi
= 4¢f
=4

Exercise 2.8
Compute the following:

a. (144
b. (1 —cosa+isina)” for a € [0,27],n € N

1 1
c. 2"+ — with 24+ = =3
Ak z

Solution Exercise 2.8

(L4t = (1492
=(1+2i—1)
= 128(4)7
= —128i



b. Firstly write the tangent half angle formula as:

1 sin « sin(a + )
tan —a = = —
2 1+ cosa 1 —cos(a+m)

¢

¢ (1 1 > sin o
—tan| —a — — =
2 27T 1 —cosa

We’re going to write (1 — cos a + i sin @)™ in the form re¥*. First we find ¢:

¢ = arctan,(sin o, 1 — cos «)

sin o
— arctan| ——
1—cosa

(~tan (3o 57))
= arctan| —tan|{ —a — =7
2 2
)
= —arctan| tan| o — =
2% 9"

—1+1f € [0, 27]
—2a 27roroz , 2T

Next we find 7:

r=+/(1—cosa)? +sin2a

= /1 —2cosa + cos? a + sin? a

=vV2—2cosa

n(30)

sin| —a
2

Now we can solve the entire equation:

_ (This step isn't necessary, it helps

computing the final answer)

n

. 1 1ol
(1 —cosa+isina)™ = 2"|sin ~a| e z*"t2™

1

= 2" sin™ (%a) ezn(m—a)



z
224+1=+3z
22 —V34+1=
D=3—-4=-1
1 1
zz—\/gi—i

1
Zn_"_z_n:zn_i_z*n

) ) ) ) 1
8™ | =GN \/ ¢ 6T 4 e8™i (this right side can be omitted as = = —= - —1)

1
6
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2" 4 — = 8T 4 TN = 2 COS(—?T’I’L)
on 6

Complex roots of unity & polynomial equations

Exercise 3.9

Solve the following equations on C

a z-=1
b 2=
V2 V2
c. 2242—-2i=0
d 284+4-4V3i=0
e 2t = —7+24i
f. 24 = —7 +4V2i
g 8 =V3+i
h. 27 —2i2% —i22 —2=0

P +iz34+i—1=0

-

Solution Exercise 3.9
a. 2 _ ppmitk2mi

2 = ei'/ri+k7ri

1 1 1 1
225\/§+Z§\/§VZ=Z=—§\/§—Z§\/§



2 2
22 — gimitk2mi
z = e%'/ri+k7rz
1 1 9 9

zZ=coS—=T+1sin—mV z=cos—m+tsin -7
8 8 8 8

z:%\/2+\/§+i%\/2—\/§Vz:—%\/24—\/5—1'%\/2—\/5

note: the exact answers were found using the half angle formulae of sin and cos, there are many

other ways to compute an exact answer void of trigonometric functions.

=242
23 — &6 gamith2mi
z = \/ie%ﬂ'i""k%ﬂ'i

1 1 1 1 1 1 1 1
=14+iVz=—1—4+-V3—|=4+=V3|tVz=—"—=V3—|=-—=V3]1
z +1Vz 2+2\/_ (2+2\/_)z z 3 2\/_ (2 2\/_>z

c 23 = —4+4V3i

23 = 8earctan2 (4\/5,74)i+k27n’

g = 2e%wi+kgﬂ'i

2 2
z = 2cos(§7r> + 23 sin(gw)
8 8
Vz= 2cos(§7r) + 23 sin(§w>
V 2 14 + 27 si 14
= — in| —
z cos 9 T 18 5 T

note that arctan, (4\/5, —4) = %71’ + arctan(%g) as arctan, returns the angle in the right

quadrant.



e 2t =7+ 24
because arctan,(24,—7) does not have an exact solutions, we will use substitution
22 =u =a+ bi with a,b € R
u? = —7 + 24i
a® + 2abi — b% = —7 + 24i
=a?—b%>=—-TA2ab=24
12

b

14462 —b? = -7

bt —7h? —144=0

(b2 —16)(b% +9) = 0

b2 =16 V b2 = —9 (spurious)

b=44

u=3+4iVu=—-3—4

a

22 =34+4iva?=-3—4i
a® +2abi —b? =3 +4iVa® + 2abi —b? = -3 — 4i
(aQ—b2:3A2ab:4)V(a2—b2:—3/\2ab:—4)
azg\/az—g
b b
42— =3Vv4ab 2 —-b2=-3
b*+302 —4=0Vvb'—3b2—4=0
(> +4)(02 —1) =0V (b —4) (B> +1) =0
b? = —4 (spurious) Vb2 = 1V b% =4V b%> = —1 (spurious)
b=1Vb=—-1Vvb=2Vb=-2
r=2+i1Ver=—2—iVe=—14+2tVe=1—2¢



2= T+ 4V2i
using substitution

A =u?=qa+bi witha,be R u?=—7+4V2
2

a= 22
b

bt — 72 —8 =0

(b2 —8)(b% +1)

b? =8V b? = —1 (spurious)

b=+2V2

u=1+2v2iVu=—1—2V2

22 =14+2V2ivae?=—-1-2
V2 V2

a=—Va=——

b b
bP+0?—2=0Vd'—b*—-2=0
(B +2)(b*—1) Vv (b* —2)(b* + 1)
b? = —2 (spurious) Vb2 =1V b? =2V b? = —1 (spurious)
b=41Vb=1V2
r=V2+iVe=—V2—iVe=—14+V2ive=1—V2i

- 22 =341
28 — 9egmHk2m

10112
g = 2§6E7”+kﬁ7”

= 238 _ 8 J—
z COS 487'[' 7 S1n 487T

V=25 cos<1—37r) + 284 sin(gﬂ)
48 48

V=258 COS(EW) + 284 sin<§w>
48 8

V2 =28 COS(XW) + 284 s1n(3—77r)
48 48

V=25 cos(gw) + 2§zsin(@w)
48 8

Vz=2s% cos(i—éw) + 284 sm(éw)

V z = 25 cos (Ew) + 284 sin(ﬁw>
48 8

V=25 cos(ﬁw) + 28isin §7r)
48 8
1 97 1. . (97

Vz =28 COS(—gﬂ') + 284 s1n(—87r>



h. 27 9424 — 423 —2=0
(24 —4)(2*—2i) =0
2r=ivz23 =2

B 1 1 4. __;
22 = +ViV z = 25 esmitkEm

1 1
Vz=—= 2+\/§+—i5 22
1 1
Vz=-V2+vV2—iz\V/2—-V2
2 2
1 1
V=3 2+x/§+z5 22

Ll +ixd+i—1=0
23 =u=a+bi witha,beR
u?+iu+i—1=0
(u+1D)(u+i—1)=0
u=—1Vu=1—1

=—-1vazd=1—i
r=—1

1 1
Ver=-+1i=-Vv3
z=5+izV3

1 1
Ve==—iz
= z2\/§
Ve=1—1

5 . . 5
Vo= \/§COS<E7T> + Z\/§s1n<ﬁ7r>

13 . . (13
Vo= ﬁcos(EW) + Z\/§sm<ﬁ7r>



Exercise 3.10

Find all solutions to the equation z° = 2 — 24, rounded to three digits.

Solution Exercise 3.10

25=2—-2;

3 . .
z5 — \/ge—zrrz-i-kQﬂ'z

1 3. 2
” = 8E6_70ﬂ1+kgﬂl

z=—0.870 4 0.870¢
Vz=0.192 —1.216:
V z =0.559 4 1.097:
Vz=1216—-0.192;
Vz=—1.097 — 0.559¢
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